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Abstract 

Nichols algebras are a fundamental building block of pointed Hopf algebras. Part 
of the classification program of finite-dimensional pointed Hopf algebras with the 
lifting method of Andruskiewitsch and Schneider is the determination of the liftings, 
i.e., all possible deformations of a given Nichols algebra. Based on recent work 
of Heckenberger about Nichols algebras of diagonal type we compute explicitly the 
liftings of 

• all Nichols algebras with Cartan matrix of type A2 , 

• some Nichols algebras with Cartan matrix of type B2, and 

• some Nichols algebras of two Weyl equivalence classes of non-standard type 
giving new classes of finite-dimensional pointed Hopf algebras. 

Key Words: Hopf algebra, Nichols algebra, quantum group, lifting 

Introduction 

At the moment the most promissing general method for the classification of finite-dimen- 
sional pointed Hopf algebras is the lifting method developed by Andruskiewitsch and 
Schneider [3]: Given a finite-dimensional pointed Hopf algebra A with coradical Aq = k[r] 
and abelian group of group-like elements T = G{A). Then we can decompose its associated 
graded Hopf algebra into a smash product gr(A) = i?7^k;[r] where 5 is a braided Hopf 
algebra. The subalgebra of B generated by its primitive elements V := P{B) is a Nichols 
algebra ^{V). Now the classification is carried out in three steps: 

(1) Show that B = ^{V). 

(2) Determine the structure of ^{V). 

(3) Lifting: Determine the liftings of ^(V^), i.e., all Hopf algebras A such that gr(A) = 

^(V)#k[r]. 

Many classification results in special situations were obtained in this way [3, 5, 4, 12, 13]. 
The most impressive result obtained by this method by Andruskiewitsch und Schneider [7] 
is the classification of all finite-dimensional pointed Hopf algebras where the prime divisors 
of the order of the abelian group F are > 7. In this case the diagonal braiding of V is of 
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Cartan type and the Hopf algebras are generalized versions of small quantum groups. The 
classification when the braiding is not of Cartan type or the divisors of the order of F are 
< 7 is still an open problem. Also the case where F is not abelian is widely open and of 
different nature, e.g., the defining relations have another form [20, 2]. 

Concerning (2), Heckenberger recently showed that Nichols algebras of diagonal type 
have a close connection to semi-simple Lie algebras, namely he introduces a Weyl groupoid 
[16], Weyl equivalence [15] and an arithmetic root system [18, 14] for Nichols algebras. 
With the help of these concepts he classifies the diagonal braidings of V such that the 
Nichols algebra has a finite set of PBW generators [19]. Moreover, he determines 

the structure of all rank two Nichols algebras in terms of generators and relations [17]. 

This is the starting point of our work which addresses to step (3) of the program, 
namely the lifting in the cases not treated in [7] . As said before, we lift Nichols algebras of 
diagonal type with Cartan matrix of type A2 in Theorem 5.9, with Cartan matrix of type 
B2 in Theorem 5.13, and of non-standard type in Theorem 5.17: When lifting arbitrary 
diagonal Nichols algebras, new phenomena occur: In the setting of [7] there are only 
three types of defining relations, namely the Serre relations, the linking relations and the 
root vector relations. The algebraic structure in the general setting is more complicated: 
Firstly, the Serre relations do not play the outstanding role. Other relations are needed 
and sometimes the Serre relations are redundant; we give a complete answer for the Serre 
relations in Lemma 5.6. Secondly, in general the lifted relations from the Nichols algebra 
do not remain in the group algebra. 

The paper is organized as follows: In Section 1 we recall the basic notions of Nichols 
algebras of diagonal type, taking into account the recent developement by Heckenberger. 
Then in Section 2 the general calculus for g-commutators in an arbitrary algebra of [21, 23] 
is presented. Section 3 contains the theory of Lyndon words, super letters and super words. 
Crucial for the lifting is the knowledge of a "good" presentation of the Nichols algebra and 
its liftings, in terms of generators and (non-redundant) relations: Section 4 repeats the 
result of [22]; further some new formulas for coproducts are developed. We then formulate 
the main results about the liftings in Section 5. We explain our method in Section 5.1. 

Throughout the paper k will be a field, all vector spaces will be over k, and all tensor 
products are taken over k. 

1 Nichols algebras 

We want to define Nichols algebras in the category r3^P of Yetter-Drinfel'd modules over 
an abelian group F, not necessarily finite. Our main reference is the survey article [6, 
Sect. 1,2]. 

1.1 Yetter-Drinfel'd modules of diagonal type 

The category pJ^'D of (left-left) Yetter-Drinfel'd modules over the Hopf algebra k[F] is the 
category of left k[F]-modules which are F-graded vector spaces V = ©ggr ^ such that 
each Vg is stable under the action of F, i.e., h ■ v E Vg for all h E T,v E Vg. The 
F-grading is equivalent to a left k[F]-comodule structure 6 : V ^ k[F] ® V: One can define 
5 or the other way round Vg by the equivalence d{v) = g(E)v <^=^ v E Vg for all g eT. The 
morphisms of ^yV are the F-linear maps f : V ^ W with f{Vg) C Wg for all g eT. 
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We consider the following monoidal structure on p^X>: If V, G r^^^, then also 
V^W e ^yV by 

g-{v^w):={g-v)^{g- w) and {V W)g := Wk 

hk=g 

for i> e V, w e and 5 G F. The braiding in ^yV is the isomorphism 

c = cv,vF : <8) ^ (g) y, c(v (g) w) := (^f • w) (8) v 

for dX\ V EVg. g eV ^ w & W . Thus every V G rJ^I? is a braided vector space (V^ cyy). 

Wc have the following important example: For a group F we denote by F the character 
group of all group homomorphisms from F to the multiplicative group k^. 

Definition 1.1. Let V e ^yT). If there is a basis Xj, i e /, of and gfj e F, Xj e F for all 

i e / such that 

g-Xi = Xi{9)xi and Xi e Vg,, 
then we say V is of diagonal type. 

Note that if k is algebraically closed of characteristic and F is finite, then any finite- 
dimensional V e YyV is of diagonal type. 

For the braiding we have c{xi ®Xj) = Xj{9i)^j fo^' 1 < ^, J < ^- Hence the braiding 
is determined by the so-called braiding matrix of V 

{(lij)i<i,j<e '■= {Xj{gi))i<i,j<e- 

1.2 Nichols algebras of diagonal type 

Let V e ^y^- ^ is called a Nichols algebra of V, if 

m B — ©„>o-B(n) is a graded braided Hopf algebra in f 3^X>, 

• B{0) = k, 

• P{B) - B{1) ^ V, 

• B is generated as an algebra by -B(l). 

Any two Nichols algebras of V are isomorphic, thus we write ^{V) for "the" Nichols 
algebra of V. One can construct the Nichols algebra in the following way: Let / denote 
the sum of all ideals of T{V) that are generated by homogeneous elements of degree > 2 
and that are also coideals. Then = T[V)/I. We say the Nichols algebra 2S(y) is of 

diagonal type, if V is of diagonal type. 

1.3 Cartan matrices 

A matrix (aij)i<ij<e G Z^^^ is called a generalized Cartan matrix if for all 1 < i, j < 9 

• an = 2, 

• < if i 7^ j. 



Let ^{V) be a Nichols algebra of diagonal type. Recall that V resp. ^{V) with braiding 
matrix {qij) is called of Cartan type, if there is a generalized Cartan matrix (ojj) such that 

Not every Nichols algebra is of Cartan type (see Example 1.3 and Sections 5.3, 5.4, 5.5), 
but still we have the following [16, Sect. 3]: 

If ^{V) is finite-dimensional, then the matrix (aij) defined for all 1 < i 7^ j < ^ by 

au := 2 and a^- := - min{r e N | qijQjiqli = 1 or (r + l)q.. = 0} 
is a generalized Cartan matrix fulfilling 

QijQji = <hi' or ord^jj = 1 - ay. (1.1) 
We call {ttij) the Cartan matrix associated to ^{V). 



1.4 Weyl equivalence 

Hcckenberger introduced in [15, 16, Sect. 2] the notion of the Weyl groupoid and Weyl 
equivalence of Nichols algebras of diagonal type. With the help of these concepts Hcck- 
enberger classified in a series of articles [18, 14, 19] all braiding matrices (g^j) of diagonal 
Nichols algebras with a finite set of PBW generators. We are concerned with the hst of 
rank 2 Nichols algebras given in the table [15, 18, Figure 1]. 

Wc want to recall the following: For diagonal ^(V) with braiding matrix {qij) we 
associate a generalized Dynkin diagram: this is a graph with 6 vertices, where the i-th 
vertex is labeled with qa for all 1 < i < ^; further, if qijqji 7^ 1, then there is an edge 
between the i-th and j-th vertex labeled with qijqji'. Thus, if qijqji — 1 resp. qijqji 7^ 1, 
then we have 



0.11 Qjj qa n-n- Ijj 

... Q Q ... resp. ... .y^:^ ... 

So two Nichols algebras of the same rank 9 with braiding matrix (qij) resp. (qlj) have the 
same generalized Dynkin diagram if and only if they are twist equivalent [6, Def. 3.8], i.e., 
for all 1 < ij < 9 

qa = qli and qijqji = qljq'j^. 

Definition 1.2. Let 1 < A; < ^ be fixed and ^{V) finite-dimensional with braiding matrix 
(qij) and Cartan matrix (ay). We call (qij^) defined by 

(fc) — Ifcj —a^i O.kiC'kj 

Qij '■— QijQik %j %k 

the at the vertex k reflected braiding matrix. 

Two Nichols algebras with braiding matrix {qij) resp. {q'^j) are called Weyl equivalent, if 
there arc m > 1, 1 < fci, . . . , fc^ < ^ such that the generalized Dynkin diagrams w.r.t. the 
matrices ((. . . (^'fj^'')'-'^^-' • • .)*^'^'™^) and (g^^) coincide, i.e., one gets the Dynkin diagram of 
ilij) by successive reflections of (%). 
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Example 1.3. The braiding matrix (qij) := ^^^i with q ^ 1 has the generahzed 
Dynkin diagram ^ ^ ^and associated Cartan matrix (aij) = (^i ^"^) of type A2, since 
?i292i = and ordg22 = 1 ^ (^1)- Then the at the vertex 2 reflected braiding matrix 
is (q'lj) := (qif) = (iqli)- Its Dynkin diagram is ~ ^ ~^ and the associated Cartan 

matrix is also of type A2. The two braiding matrices (qij) and (g^^) are by definition Weyl 
equivalent; they are twist equivalent if and only if g = —1. See also [15, 18, Figure 1]: row 
3 if g 7^ ±1 and row 2 if g = —1. 

Remark 1.4. 

1. Both twist equivalence and Weyl equivalence are equivalence relations, and twist 
equivalent Nichols algebras are Weyl equivalent. 

2. Weyl equivalent Nichols algebras have the same dimension and Gel'fand-Kirillov di- 
mension [15, Prop. 1], but can have different associated Cartan matrices. If the whole 
Weyl equivalence class has the same Cartan matrix, then the Nichols algebras of this 
class are called of standard type [1, 8]. 

Examples 1.5. Let ^{V) be of rank 2. Then two Nichols algebras are Weyl equivalent if 
and only if their generalized Dynkin diagrams appear in the same row of [15, 18, Figure 1] 
and can be presented with the same set of fixed parameters [15]. 

1. is of standard type, if and only if it appears in the rows 1-7, 11 or 12 of [15, 18, 
Figure 1]. The Cartan matrices are 

• ( 2 ) of type ^1 X ^1 of row 1, 

• ( ^1 ) of type A2 of rows 2 and 3, 

• ( -1 ) of type B2 of rows 4-7, and 

• ( -1 of type G2 of rows 11 and 12. 

All Nichols algebras of type Ai x Ai, A2 and some of B2 are lifted in Sections 5.2, 
5.3, 5.4. 

2. In the non-standard Weyl equivalence class of row 8 of [15, 18, Figure 1] the Cartan 
matrices 

(2 -2\ r -C-'_^3-C2 

• 1-2 2 J 01 ^^J^, 

. ( f ) Of type B2 of and 

. ( A - ) of type G2 of 

appear. These Nichols algebras are lifted in Section 5.5. The same Cartan matrices 
appear in row 9, where we lift the Nichols algebras corresponding to the last two 
Dynkin diagrams. 

2 g-commutator calculus 

In this section let A denote an arbitrary algebra over a field k of characteristic char Ik = p > 
0. The main result of this chapter is Proposition 2.1, which states important g-commutator 
formulas in an arbitrary algebra. 
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2.1 g- calculus 

For every g G k we define for n G N and < i < n the q-numbers {n)q := 1 + q + 
+ . . . + q"'~^, the q-factorials (n)g! := (1)^(2)^. . . (n)g, and tlie q-binomial coefficients 
(") := 7 — ^-^vrm- Note that tfie latter rigfit-handside is well-defined since it is a polynomial 

\i/q (n— i)q!(i)q! ° f J 

over Z evaluated in q. We denote the multiplicative order of any g G by ordg. If g G k^ 
and n > 1, then 



n\ ^ „ „ I ordg = n, if char k = 

. = for all 1 < z < n — 1 <(=^ < 

t J g I p ordg = n with k >0, if char k = p > 0, 



see [27, Cor. 2] . Moreover for 1 < i < n there are the q-Pascal identities 
n'\ . f n \ fn\ n+i-i ( ^ (n^X 



and the q-binomial theorem: For x,y & A and g G k^ with = gxy we have 

n 

(x + yr = (2.3) 

•t=0 

Note that for g = 1 these are the usual notions. 
2.2 g-commutators 

Let 9 > 1, X — {xi, . . . jXq}, (X) the free monoid and A — k{X) the free k-algebra. For 
an abelian group F let F be the character group, gi, . . . , ge & T and Xi, ■ ■ ■ , X6» G T. If we 
define the two monoid maps 

degr : {X) F, degr(xj) := gi and degp : {X) F, degf{xi) := Xi, 

for all 1 < i < then k(X) is F- and F-graded. Let a G k(X) be F-homogeneous and 
b G k{X) be F-homogeneous. We set 

Qa degr(a), Xb — degp(6), and g„,b := XbiQa)- 

Further we define k-linearly on k(X) the q-commutator 

[a,6]:=[a,6],„,. (2.4) 

Note that qa,h is a bicharacter on the homogeneous elements and depends only on the values 

(lij — Xj{9i) with l<ij <9. 

For example [a;i,a;2] = X1X2 — X2{gi)x2Xi = X1X2 — gi2a;2a;i. Further if a,b are Z^- 
homogeneous they are both F- and F-homogeneous. In this case we can build iter- 
ated g-commutators, like [xi, [xi, X2]] = a;i[a;i,a;2] — XiX2{gi)[xi,X2\xi — xi[xi,X2\ — 
giigi2[2;i,x2]2;i. 



Proposition 2.1. [23, Prop. 1.2] For all homogeneous a,b,ce k{X) and r > 1 we have: 

(1) g-derivation properties: [a, be] = [a, b]c + qa,bb[a,, c], [ab, c] — a[b, c] + qb^dd, c\b. 

(2) g-Jacobi identity: [[a, b],c\ = [a, [b, c]] - qa,bb[a, c] + qb,c[a, c]b. 

(3) g-Leibniz formulas: 



r-1 

^ 7 — i 

r-1 



1=0 



(4) restricted g-Leibniz formulas: // char k = and ordqb^b — r resp. ordga^a = r, or 
char k = p > and p^ordqt^C = ^ resp. p^oidqa,a = f, then 

[a, b^\ = [■ ■ ■ [[a, •••,&] resp. [a'', b\— [a, . . . [a, [a, 6]] . . .] . 



3 Lyndon words and ^-commutators 

In this section we recall the theory of Lyndon words [25, 28] as far as we are concerned 
and then introduce the notion of super letters and super words [24] . 



3.1 Words and the lexicographical order 

Let 6 > 1., X — {xi,X2, . . . ,xe} be a finite totally ordered set by xi < X2 < . . . < xe, 
and (X) the free monoid; we think of X as an alphabet and of (X) as the words in that 
alphabet including the empty word 1. For a word e (X) we define £{u) :— n 

and call it the length of u. 

The lexicographical order < on {X) is defined for u,v E {X) by m < w if and only if 
either v begins with u, i.e., v — uv' for some v' e (X)\{1}, or if there are w,u',v' e (X), 
Xi, Xj e X such that u — wxiu', v — wxjv' and i < j. E.g., xi < X1X2 < x^.- 



3.2 Lyndon words and the Shirshov decomposition 

A word u e {X) is called a Lyndon word if 7^ 1 and u is smaller than any of its proper 
endings, i.e., for all v,w E (X)\{1} such that u — vw we have u <w. We denote by 

£ := {m G {X) I M is a Lyndon word} 

the set of all Lyndon words. For example X C £, but ^ £ for all 1 < i < ^ and n>2. 
Also X1X2, X1X1X2, X1X2X2, xia;ia;2a:ia:2 G C 

For any u G (X)\X we call the decomposition u = vw with v,w E (X)\{1} such 
that w is the minimal (with respect to the lexicographical order) ending the Shirshov 
decomposition of the word u. We will write in this case 

Sh(ti) = {v\w). 

E.g., Sh(a;ia;2) = (a;i|a;2), Sh(a;ia;ia;2a;ia;2) = (0:1X1X2 |xiX2), Sh(a;ia;ia;2) 7^ (a;ia;i|x2). If 
u G jO,\X, this is equivalent to w is the longest proper ending of u such that w E C 
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Definition 3.1. We call a subset L <Z C Shirshov closed if X C L, and for all u e L with 
Sh{u) — {v\w) also v,w & L. 

For example C is Shirshov closed, and if X = {xi,X2}, then {xi, a;ia;ia;2, 0:2} is not 
Shirshov closed, whereas {xi, a;ia;2, 2:1X1X2, ^2} is. 

3.3 Super letters and super words 

Let the free algebra k{X) be graded as in Section 2.2. For any m G £ we define recursively 
on i{u) the map 

[.]:C^k{X), u^[u]. (3.1) 

If £{u) = 1, then set [xi] := Xi for all 1 < i < ^. Else if £{u) > 1 and Sh{u) = {v\w) 
we define [u] := [H,M]. This map is well-defined since inductively all [u] are Z^- 
homogeneous such that we can build iterated g-commutators; see Section 2.2. The elements 
[u] G k{X) with u E C are called super letters. E.g. [a;ia;ia;2Xia;2] = [[a;ia;ia;2], [xia;2]] = 
[[xi, [xi, X2W, [xi,X2]] . If -L C £ is Shirshov closed then the subset of k(X) 

[L] :={M|kGL} 

is a set of iterated g-commutators. Further [£] = {[m] | m G £} is the set of all super letters 
and the map [.]:£—>[£] is a bijection, which follows from [22, Lem. 2.5]. Hence we can 
define an order < of the super letters [£] by 

[u] < [v] :-v4> u < V, 

thus [C] is a new alphabet containing the original alphabet X; so the name "letter" makes 
sense. Consequently, products of super letters are called super words. We denote 

:={N---M|nGN, meC} 

the subset of k{X) of all super words. Any super word has a unique factorization in super 
letters [22, Prop. 2.6], hence we can define the lexicographical order on [>C]*^^\ as defined 
above on regular words. We denote it also by <. 

3.4 A well-founded ordering of super words 

The length of a super word U = [ui] [^2] . . . [un] G [L]^^^ is defined as £{U) :— £{uiU2 . . . Un). 
Definition 3.2. For U,V e [C]^^^ we define U ^Vhy 

• £{U) < £{V), or 

• £{U) = i{V) andU>V lexicographically in [£]W. 

This defines a total ordering of [£]*^^) with minimal element 1. As X is assumed to be 
finite, there arc only finitely many super letters of a given length. Hence every nonempty 
subset of [C]^^'' has a minimal element, or equivalently, :< fulfills the descending chain 
condition: ^ is well-founded. This makes way for inductive proofs on ^. 
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4 A class of pointed Hopf algebras 

In this chapter we deal with a special class of pointed Hopf algebras. Let us recall the 
notions and results of [24, Sect. 3]: A Hopf algebra A is called a character Hopf algebra if 
it is generated as an algebra by elements ai, . . . ,ag and an abelian group G{A) = F of all 
group-like elements such that for all 1 < i < ^ there are Qi and Xi G F with 

A(ai) = (g) 1 + fifj (g) Oi and gai = Xi{9)o.i9- 
As mentioned in the introduction this covers a wide class of examples of Hopf algebras. 
Theorem 4.1. [22, Thm. 3.4] If A is a character Hopf algebra, then 

A = (k(x)#k[r])//, 

where the smash product k(X)#k[F] and the ideal I are constructed in the following way: 

4.1 The smash product Ik(X)#lk[r] 

Let k(X) be F- and F-graded as in Section 2.2, and k[F] be endowed with the usual 
bialgebra structure A(g() = g ® g and e{g) = 1 for all 5^ G F. Then we define 

g ■ Xi'.^ Xi{g)xi, for all 1 < i < 6*. 

In this case, k(X) is a k[F]-module algebra and we calculate gxi = Xi{9)xi9^ 9^ = kg = 
e{g)hg in k(X)#k[F]. Thus Xi e (k(X)#k[F])>^" and k[F] C (k(X)#k[F])^ and in this 
way k(X)#k[F] = ©^gp(k(X)#k[F])>^. This f-grading extends the f-grading of k{X) in 
Section 2.2 to k(X)#k[F]. Further k(X)#k[F] is a Hopf algebra with structure determined 
for all 1 < i < ^ and 51 e F by 

A{xi) := Xi <^ 1 + gi <S> Xi and /^{g):^g®g. 

4.2 Ideals associated to Shirshov closed sets 

In this subsection we fix a Shirshov closed L <Z C. We want to introduce the following 
notation for an a e k(X)#k[F] and W e We will write a (resp. a^^W), if 

a is a linear combination of 

• [/ e [L]W with 1{U) = 1{W), U >W (resp. U >W), and 

• Vg with V e [L]W, ^ e F, liV) < i{W). 

Furthermore, we set for each u & L either :— 00 or Nu :— ordg„,u (resp. Nu :— 
p''ovdqu,u with A; > if char k = p > 0) and we want to distinguish the following two sets 
of words depending on L: 

C{L) :— e (-'^)\-^ I ^u,v & L : w — uv, u <v, and Sh(u') = (ii|i;)}, 
D{L) -.^ {ueL\ N^< 00}. 

Note that C(L) C C and D{L) C L C C are sets of Lyndon words. For example, if 

L = {xi, 0:1X1X2, .Ti,T2, .X2}, then C{L) = {xiXiXiX2, X1X1X2X1X2, X1X2X2}. 

Moreover, let G (k(X)#k[F])^™ for all w G C(L) such that -<l [w]; and let 
du G (k(X)#k[F])^"" for all u G D(L) such that [m]^"- Then let / be the f- 

homogeneous ideal of k(X)7^k[F] generated by the following elements: 

[w] - c^ for all w G C{L), (4.1) 

[uf--d^ for all M G ^(L). (4.2) 

Q 



4.3 Calculation of coproducts 

Let in this section char k = 0. For any g( G F, x e F we set 

:= P^(A) := Pi,,(A) n ^ {a E A \ A(a) ^a®l + g0a,ga^ x(9)ag}. 

Although the foUowing calculations are for k(X)^]k[F], we can use the results in any 
character Hopf algebra A by the canonical Hopf algebra map k(X)#k[F] — > A. Assume 
again the situation of Section 2.2. 

Lemma 4.2. Let 1 < i < j < and r > 1. 

(1) Ifordqu = N, then xf e P^^ . 

(2) IfqijQji = Qu^"^^^^ and r < ordqu, then [xlxj] e ■ 

(3) Ifqijqji = and r < ordqjj, then [xiX^] E Pg^^' . 

Proof. (1) We have {gi (g) Xi){xi ® 1) = qii{xi l){gi ® Xi) hence by Eq. (2.3) we obtain the 
claim. For (2) and (3) see [4, Lem. A.l]. □ 

Next we want to examine certain coproducts in the special case when qa = —1 for a 
1 < i < 6. Note that in the following two Lemmata we could write more generally i and j 
with 1 < i < j < 9 instead of 1 and 2: 

Lemma 4.3. Let ordgi2,i2 = N. 

(1) Ifq22 — —1, we have for the quotient (k(X)#k[F])/(x|) 

A{[xiX2f) = [XiX^f ® 1 + (?f2 ® [^1^2f 

+ ?2^12^(1 - qi2q2l)[Xl{XiX2)^~^]g2 ® X2. 

(2) Ifqu = -I, we have for the quotient (k(X)#k[F])/(a;?) 

A{[x^X2f)= [x^X2f ® 1 + g^, ® [x^X2f 

+ - Ql2q2l)Xigi2~^g2 ® [{XlX2)^~'^X2]. 

Proof. We calculate directly in k(X)#k[F] 

A{[xiX2\) = [xiX2\ (8) 1 + (1 - qi2q2i)xig2 <S>X2 + gu <S) [xiX2\. 

For a := (1 - 512^21), q ■= ^12,12, U := [X1X2] ® 1, V := axig2 ® X2 and W := gu ® [X1X2] 
we have WU — qUW and 

VU - qUV = aq2,i2[xiXiX2]g2 ® X2, 
WV - qVW = aqi2,ixigi2g2 ® [X1X2X2]. 

We further set for r > 1 

[V] := V, [VW] := aql^2[xi{xiX2y]g2 ® X2, 

[W] := W, [WV] := aql^,,x,gl,g2 ® [{x,X2yx2]. 

in 



(1) We have = [a^ij^l] = by the restricted g-Leibniz formula and x| = 0. 

Hence WU = qUW and WV = qVW. By Eq. (2.3) we have 

A{[x,x2Y) = {u + v + wy = {u + vy + w. 

We state for r > 1 

r-l 
i=0 

from where the claim follows. This we prove by induction on r: For r = 1 the claim is 
true. By induction assumption 

{u + vy+^ = {u + vy{u + v) 

r—l r—1 
i=0 1=0 

where the last sum is zero since [VU^''-^^-']V = . . . (g) = for all < i < r - 1. Further 
[VU^r-i)-ip ^ aq^-,'^-'[x^{x,X2f-'^-']g2[x^X2]^X2 

= Oiq27l2{[^li^l^2y~''][xiX2] 

+ qi,i2q^'"^^~'[xiX2][xi{xiX2Y''-^^~'])g2 X2 

Thus {u + vy+^ = 

1 — 1 r—l 



i=0 1=0 



'<i 

1=0 



by shifting the index of the second sum. Using Eq. (2.2) we get the desired formula. 

(2) is proven analogously with the formula {V + Wy = 1^ + ^^Z^ Q [W^^-^^-'V]V\ 

' * □ 

A direct computation in k(X)#lk[r] shows that 

lS,{[xiXiX2XiX2]) = [a;iXiX2a:ia:2] (8) 1 + gfgj ® [a;ia;ia;2a:ia;2] 
+ a[xiXiX2]gig2 <^ [X1X2] 

+ (1 - qi2q2i){q2iq22/3[xiXiXiX2] + Q;[a;ia;ia;2]a;i)5f2 <S> X2 
+ (1 - gi2g2i)(l - qi\qi2q2i)x\gigl 

® (911921(1 + 9ll - 9?ig?292l922) [2:1X2X2] + aX2[XiX2]) 

+ 921(1 - gi2g2i)^(i - giigi2g2i)(i - qliql2q2iq22)xlgl ® x\ 

+ xiglgl (g) (7[xiX2]^ + qnq2i{l - gi2g2i)[xiXiX2X2]), 



with 



" := (2)gn9ligi2g2ig22(l - giigi2g2l) + 1 - gng?2?21?22> 
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1 - giigi2g2i - qnquq2iq22, 
?ii?2igi2(i - gi2g2i)('722 - qi 



+ (2)911(1 - giigi2g2l)(l - gngi2?21?22). 
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Lemma 4.4. Let ^22 = —1- Then 

« = (3)912,12(1 - ?ii?i2g2i), /3 = (3)gi2,i2, 7 = (2)911(3)512,12(1 - qliqmii)- 
As a consequence we have the following: 

(1) //ordgi2,i2 = 3, then 

A([xiXia:2XiX2]) = [xiXiX2Xix-^ glgl ® [xiXia;2XiX2] 

+ (1 - qi2q2i){l - qiiqi2q-2i)x\gigl 

® gii?2i(l + gii - gngi2?2i 922) [3:1X2X2] 

+ 521 (1 - gi2g2i)^(i - giigi2g2i)(i - qliql2qliq22)xlgl ® x\ 
+ a:i5'i5'2 giig2i(l - gi2g2i)[xixiX2X2]. 

Hence [a;ia;ia;2a;ia;2] G P^s^^ m the quotient (k(X)#k[r])/(a;|). 

9l92 

(2) If qi2q2i — qii and ordqu — 3, then 

A([xiXiX2a;ia;2]) = [a;ia;ia;2.Ti,T2] ® 1 + fi'ifi's ® [a;ia;ia;22^i2^2] 
+ (1 - qi2q2i)q2iq22f3[xiXiXiX2]g2 (8 a;2 
+ ^21(1 - 912^21)^(1 - giigi2g2i)(l - ^i 1^12 921^22) a;? c/2 ® 
+ a;i5'i5'2 ® 5ii52i(l - 912^21 )[a;ia;ia;2a;2]. 

3 2 

Hence [xiXiX2Xia;2] G -^^g? quotients (k(X)#k[r])/(x|, [xiXia:iX2]) 

or (k(X)#k[r])/(x?, [XiiiX2X2]). 

Proof. This is also a straightforward calculation using the following identities: Since ^22 = 
— 1, we have [a;ia;2a;2] = [xi, x^] by the restricted g-Leibniz formula of Proposition 2.1, thus 
[X1X1X2X2] = [3^1, [X1X2X2]] = [xi, [xi, . So we see that both are zero if x| = 0. If 
ordgii = 3 analogously [X1X1X1X2] = [xf, X2\ — for xf — 0. □ 

We want to state some basic combinatorics on the g^j's and Xj's for later reference: 

Lemma 4.5. Let I <i ^ j <9, 1 < N := ordqu < 00, and r e Z. Then: 

(1) X^y^Xi- 

(2) Ifqjj ^ 1, then xf Xj or gf ^ gj. 

(3) If xf = 'then gj^ = 1. Especially, if Xi = then qji = ±1. 

(4) Ifqijqji = qu^"^'^^ o.nd qjj ^ 1, then xlXj 7^ Xi- 

(5) Ifqli + 1, then xlXj + Xj- 

(6) Ifqijqji = qu^""'^^ arid XiXj = then 

Qji Qjj) \(lii Qu 
Especially, if qjj = —1, then g[j = —1 and N is even. 
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Proof. (1) Assume xf = Xi- Hence ^ = 1, a contradiction. 

(2) If xf = Xj and = gj, then 1 = = q^j, qf. = q^^, 1 ^ ^ q-- and qf^ = q^j. 
Hence g^^- = g^^ = qji = 1. 

(3) is clear. 

(4) If XiXj = Xt, then = 1, Qji^Qn = 1- We deduce qji = qjj = 1. 

(5) If xlXj = Xj: then g[. = 1. 

(6) We have ql^qij — 1, qjiqjj — 1- Now the assumption implies the claim. □ 

5 Lifting 

Wc proceed as in [3, 5]: In this chapter let chark = and A be a finite-dimensional pointed 
Hopf algebra with abelian group of group-like elements G{A) = T and assume that the 
associated graded Hopf algebra with respect to the coradical filtration is 

gr(A) - nV)4k[r], 

where V is of diagonal type of dimension dimt V — 9 with basis X — {xi, . . . ,X0}. We will 
always identify T{V) = k(X). It is dimt^ = dimkgr(A) = dimiij*B(y) • |r|. In particular 
*B(y) is finite-dimensional and we can associate a Cartan matrix as in Definition 1.1. 

Definition 5.1. In this situation we say that A is a lifting of the Hopf algebra 53(l^)#k[r], 
or simply of the Nichols algebra ^{V). 



By [3, Lem. 5.4], we have that 

•) for all o F r. and if y ^ £. then 

(5.1) 



Pg = k(l - g) for all g eV, and if x 7^ £, then 



P^ ^ <^ g^ g^^x^Xi for some l<i<9. 
Thus we can choose a, e Pf^ with residue class Xi G V#k[r] = Ai/Aq for 1 < i < ^. 
Lemma 5.2. Let w e C(L) and u e D{L). 

(1) (a) If qi^w 7^ 1 for some 1 <i < 9, then Xw 7^ 

(b) If Xw 7^ £ o-fid for all 1 < i < 9 there are I < j < 9 such that qj^^ ^ qji or 
Qw,j 7^ Qij, then 

P^^ = 0. 

(2) Let oidqu^u = < oo. 

(a) // q^^ ^ 1 for some I <i < 9, then x^" 7^ £■ 

(b) // x^" ^ e and for all 1 < i < 9 there are 1 < j < 9 such that q^^^ ^ qji or 
Qu,] + Qij, then 

Proof, (la) If Xw — then qi^^ = 1 for all 1 < i < 9. 

(lb) Let Xw ^ ^ and P^™ 7^ 0, then Xw = Xi and g^ — gi for some i by Eq. (5.1). Hence 

qj,w = qji and q^j = qij for all 1 < j < ^. 

(2a) If Xu^ = ^, then gf^ = 1 for alll < i < 9. 

(2b) Let Xu" 7^ ^ and P^^^ 0, then Xu" = Xi and g^"- = gi for some i. Thus gf!^ = q^i 

9u 

and q^2 = ^ij fo^ all 1 < j < 6*. □ 



This and Eq. (5.1) motivate the following: 

Definition 5.3. Let L d C Then we define coefficients /^^ G k for all u G D{L), and 
e k for all w e C{L) by 



/i„ = 0, if 5(„ " = 1 or 7^ £, K = 0, if fi-^^ = 1 or Xw £, 

and otherwise they can be chosen arbitrarily. 

5.1 General lifting procedure 

Suppose we know the PBW basis [L] of ^{V), then a lifting A has the same PBW basis 
[L]; see [29, Prop. 47]. Hence we know by Section 4 the structure of the ideal / such that 

A-(k(x)#k[r])/7. 

Let us order the relations Eqs. (4.1) and (4.2) of /, namely the two types 

[w] - for w e C(L) and [m]^" - for « e -D(L), 

with respect to -< by the leading super word [w] resp. [u]''^". Yet we don't know the 
Cw,du G Ik;(-^)#k[r] exphcitly; our general procedure to compute these elements is the 
following, stated inductively on -<: 

• Suppose we know all relations ^-smaller than [w] resp. [h]^". 



Then we determine a counterterm ryj resp. s„ e k(X)#k[r] such that 



[w] - e P^^ resp. [uf" - s„ e P^^^ 

9u 



modulo the relations ^-smaller than [w] resp. [i*]-^"; we conjecture that we can do 
this in general (see below). 

Further if Xw 7^ Xi or g^, 7^ gi resp. 7^ Xi or g'^" 7^ gi for all 1 < i < 6', then by 
Eq. (5.1) we get 



Cw ^ + K{i - Qw) resp. d„ = s„ + /i„(l - 5-^"). 



(5.2) 



In order to formulate our conjecture, we define the following ideal: For any super word 
U e let lu denote the ideal of k(X)#k[r] generated by the elements 

[w] — Cyj for all w e C(L) and [w] -< U, 

[u]^- - du for all u e D{L) and [u]^- ■< U. 

Note that lu C /. 

Conjecture 5.4. For all w E C{L) resp. for all u E D{L) there are r^^ E (k(X)7^k[r])^"' 
resp. Su E (k(X)#k[r])^"" withvw -<l [w] resp. Su -<l [m]^" such that [w]— resp. [v]^'^ — 
Su is skew-primitive modulo the relations -<-smaller than [w] resp. [m]^", i.e., 

A([w] - r^) - {[w] - rw) ® l-g^ ® {[w] - r^) 

E k(x)#k[r] ® + /[^i ® k(x)#k[r], 
E k(x)#k[r] ® /[„]iv„ + /[„]jv„ ® k(x)#k[r]. 
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Remcirk 5.5. 

1. If the conjecture is true, then one could investigate from the hst of braidings in [19] 
where a free paramter X^, resp. occurs in the hfting, without knowing resp. 
exphcitly. 

2. To determine the generators of the ideal / explicitly, i.e., to find resp. s„, it is 
crucial to know which relations of / are redundant. The redundant relations are 
detected as described in [23]. 

3. In general resp. Su is not necessarily in k[r], like it was the case in [7]; see Lemma 
5.6 (2b), (3b) below or the liftings in the following sections. 

At first we lift the root vector relations of ,x'i, . . . , xq and the Scire relations in gen- 
eral. Note that for these relations our Conjecture 5.4 is true. Wc denote the images of 
[x^Xj], [xiX^] G k{X) (r > 1) of the algebra map k{X) — > A, Xi i— > Oj by [0.^0^], [ajOj]: 

Lemma 5.6. Let A be a lifting of^{V) with braiding matrix (qij) and Cartan matrix {aij). 
Further let 1 < i < j < 9 and Ni := oidqu. We may assume qu 7^ 1 for all 1 < i < 9 . 

(1) We have 

=/^.(l-#)- 

Moreover, if qf^ ^ 1, then a^* = 0. Especially, if qu — —1 and qji ^ ±1, then af = 0. 

(2) (a) Ifqijqji = ql"', Ni > 1 - aij, then 

(q q \ (q g"^^"""'A i-a 
Moreover, I «j | ^ / \, then [a^ "'''%] — 0; in particular the 

\Qji QjjJ Qu J 

latter claim holds if qjj = —1 and qj^ 7^ —1 (e.g., Ni is odd). 
(b) If Ni — 1 — Qij, then 

(3) (a) Ifqijqji = qjf, Nj > 1 - Uji, then 

[ttia]'"'"'] = - gigY"''"). 

fq.. q..\ q.\ 
Moreover, if i ) I -(!-« ) " I' ^^^^ °^*] ~ ^' particular the 

latter claim holds if qu = —1 and gj^- 7^ —1 (e.g., Nj is odd). 
(b) // Nj = 1 — ttji, then 

[aiaf] = Hj{qY - l)aigY . 

Proof. (1) This is a consequence of Lemma 4.5(l)-(3) and Eq. (5.1). 

(2a) and (3a) follow from Lemma 4.5(4)-(6) and Eq. (5.1). 

(2b) and (3b) follow from the restricted g-Leibniz formula of Proposition 2.1 and (1) 
above: For example 

[ttittf] = [ai,af] = [ai,l^j{l - gf)]^^! = /^j((l - qZ')ai - (1 - qfj' q^')aigf') . 

Now either jjij = or q^j = 1 by (1), from where the claim follows. □ 
From now on let 9 — 2, i.e., Q3(V^) is of rank 2. 
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5.2 Lifting of ^{V) with Cartan matrix Ai x Ai 

Let be a finite-dimensional Nichols algebras with Cartan matrix (ajj) = (02) of type 

Ai X Ai, i.e., the braiding matrix (qij) fulfills 

qi2q2i = 1, 

since we may suppose that ordg^i > 2 [15, Sect. 2], especially qa^l. The Dynkin diagram 
is Q Q with g := Q'li and r :— 522- Then the Nichols algebra is given by 

!B(y) = r(y)/(M,xf\xf) 

with basis {ajg^x^^ | < rj < N^} where Nj = ordqu > 2 [18]. It is well-known [3] that any 
lifting A is of the form 

A - (r(v-)#k[r])/( [X1X2] - Ai2(i - 912), - A^i(i - 

^f-Mi-^2''^) ) 

with basis {x^^x^g | < rj < Ni,g E T} and dim^A = N1N2 ■ \T\; the statement for the 
basis is proven in [23]. 

5.3 Lifting of ^{V) with Cartan matrix A2 

Let ^(V) be a Nichols algebras with Cartan matrix (aij) = [\~2^) of type A2, i.e., the 
braiding matrix (qij) fulfills 

qi2q2i = qu or gn = -1, and 512^21 = ^22^ or 522 = -1- 

The Nichols algebras are given explicitly in [17]. As mentioned above, it is crucial to know 
the redundant relations for the computation of the liftings. Therefore we give the ideals 
without redundant relations which are detected in [23]: 

Proposition 5.7 (Nichols algebras with Cartan matrix A2) . The finite- dimensional Nichols 
algebras 05 (V^) with Cartan matrix of type A2 are exactly the following: 

(1) g Q (Cartan type A2). Let 512521 = = ^22^ • 

(a) If qii = —I, then 

^{V)^T{V)/{xl [x^X2]^ xl) 

with basis {xl^[xiX2Y^^xl' \ < r2,ri2,ri < 2} and dimt^{V) = 2=^ = 8. 

(b) IfN := ordgii > 3, then 

^{V)=T{V)/{[X,X,X2], [X,X2X2], Xf, [x,X2f, X^) 

with basis {xl''[xiX2Y'^xY \ < r2,ri2,ri < N} and dimt^{V) = N^. 

(2) o Ifqi2q2i = qn, ^ ■= ordqn > 3, 522 = -1, then 

^{V)=T{V)/{[xix,X2], x^, xl) 
with basis {xl^[xiX2Y'^x[^ \ <ri < N, < r2,ri2 < 2} and dimfeQ3(\^) = iN. 



Ifi 



(3) ' Q - VQu = -1; 512^21 = q2i, N := ordg22 > 3, then 

^{V)^T{V)/{[xiX2X2], xl, x^) 
with basis {x2^[xiX2Y'^xY | < ra < A^, < n^r^ < 2} and dim^^{V) = AN. 

(4) ^ IfQu = ?22 = -1; -/V := ordgi2g2i > 3, then 

^(V)^T{V)/{xl [xiX2]^, xl) 

with basis {x2''[xiX2Y'^'^xY | < r2, ri < 2, < < N} and dimt *B(V") = AN. 

Remark 5.8. The Nichols algebras of Proposition 5.7 all have the PBW basis [L] = 
{xi, [xiX2],X2}, and (1) resp. (2)-(4) form the standard Weyl equivalence class of row 2 
resp. 3 in [15, 18, Figure 1], where the latter is not of Cartan type. They build up the tree 
type T2 of [17]. 

Theorem 5.9 (Liftings of ^{V) with Cartan matrix yl2)- For any lifting A of ^{V) as 
in Proposition 5.7, we have 

A ^ (T(y)#k[r])/7, 

where I is specified as follows: 

(1) Q g"' Q (CaHan type A2). Let ?i2?2i = gn = ?22^- 

(a) If qii — —1; then I is generated by 

xl- - gl), 

[xiX2f - Afliq2ixl - /ii2(l - 5-12), 

3^2-/^2(1-^2)- 

A basis is {x'2 [xiX2Y^'^x''i g | < r2, ri2, ri < 2, G F} and dim^ A = 2^ • |F| 8 • |F| . 

(b) //ordgii = 3, then I is generated by, see [10], 

[xiXiXa] - Aii2(l - 5'ii2), xl - //i(l - gl), 

[xiX2X2\ - Ai22(l - gi22), [xiX2f + (l " gil)?!! A112 [xi X2X2] 

- /^i(l - qiifxl - //12(1 - «/i2), 

xl-ix2{l-gl). 

A basis is {x'^2[^i^'iY^^^i^9 I < r2, ri2, ri < 3, 51 e F} and dimk ^4 = 3^- |F| = 27- |F|. 

(c) If N :— ordgii > A, then I is generated by, see [5], 

[X1X1X2], - /xi(l - g'f ), 

N(N-l) 

[X1X2X2\, [X1X2\^ - Hl{qil - 1)^?21 ^ ^2 - /Xl2(l - S-^^), 

x^-t,2{l-g^). 

A basis is {x2'^[xiX2Y^'^x[^g \ < r2,ri2,ri < A^, gf e F} and dim^A = A^^ • |F|. 
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(a) If 4 N := ordgn > 3, then I is generated by 

[xiXiX2\, - - 5ff ), 

xl- H2{1 - gi)- 

A basis is {x2^[xiX2Y^^x[^ g \ < ri < N, < r2,ri2 < 2, g e F} and dimfeA = 

2'^N-\r\ = 4Ar- |r|. 

(b) If ordg'ii = 4, then I is generated by 

[X1X1X2] - Aii2(l - giu), x\ - - 

2^2-/^2(1-^2)- 

A basis is {x2^[xiX2Y^^x'[^g \ < ri < 4, < r2,ri2 < 2, g & F} and dim^A — 
2^4- |r| = 16- |r|. 

(3) Q- Let gi2?2i = q22- 

(a) If 4 ^ N :— ordg'22 > 3, ^/len / is generated by 

[xiX2X2\, xl- - gl), 

x^-pi2{l-g^). 

A basis is {x2^[xiX2Y'^'^xYg \ < r2 < N, < ri,ri2 < 2, g & F} and dim^A — 
2^N ■ |F| =4N ■\V\. 

(b) // ordg22 — 4; then I is generated by 

[X1X2X2] - Ai22(l - 5'i22), xl - - gl), 

2^2-/^2(1-^2)- 

A basis is {x^2[xiX2Y^^xV 9 I < r2 < 4, < ri, ri2 < 2, gf G F} and dim.^A — 
2^4- |F| = 16 • |F|. 

(4) ^ Q^- ^et gii = gf22 = -1 and N := ordgi2?2i > 3. 

(a) If qi2 7^ il; then I is generated by 

x\- gl), 

[a^ixs]^ -/xi2(l -^j^), 
2^2- 

(b) //gi2 = ±1; then I is generated by 

x^ 

[XiX2\^ - /[ii2(l - gi2), 

2^2-/^2(1-^2)- 

In both cases a basis is {x^2[x'i.X'^^^'^xV 9 I < r2, ri < 2, < ri2 < A^, 51 G F} and 
d\mi,A^2'^N ■ IFI ^ AN ■ IFI. 
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Proof. At first we show that in each case {T{V)i^k[T])/I is a pointed Hopf algebra with 
coradical k[r] and claimed basis and dimension such that gr((r(T/)#k[r])/7) ^ ©(y)#k[r]. 
Then we show that a lifting A is necessarily of this form. 

• {T{V)^k[r])/I is a Hopf algebra: Wc show that in every case / is generated by skew- 
primitive elements, thus / is a Hopf ideal. The elements x^* — /^^(l — g^') and [a;ia;ia;2] — 
^112(1 — fi'112) are skew-primitive if 512921 = Qu by Lemma 4.2. So we have a Hopf ideal in 
(2) and (3). 

For the elements [a;ia;2]^^^ — di2 we argue as follows: In (la) we directly calculate that 

2 

1x1X2]'^ - AiJ,iq2ixl e P^a'^. (lb),(lc) is treated in [10, 5]. 

For (4a): By induction on N (the induction basis N — 2 is Lemma 5. 6 (2b)) 

N-2 

[xi{x,X2f-'] = /^l(n(l - ?lf ?21))^2[X1X2]^-^ 

i=0 

Further gi2,i2 = Q'i2?2i is of order N and gf^ = 1 (or fii = 0), wc have c/f^g^"^ = (gi2?2i)^ = 1 
and thus [xi{xiX2)^^^] = 0. Hence [a;ia;2]^ is skew-primitive by Lemma 4.3(1). 

(4b) works in a similar way because of g^2 = 1- Again by induction (the induction basis 
= 2 is Lemma 5.6(3b)) 

7V-2 

[{X,x2f-'X2] = /.2(n(l - <l[i'<l2i'))[XlX2f-'x,gl 
1=0 

which is since (^'12921)^ = 9i2 12 ~ 1- Now [a;ia;2]^ is skew-primitive by Lemma 4.3(2). 

• The statement on the basis and dimension of {T[V)^k[r])/I is proven in [23]. 

• The algebra k[r] embeds in (T(F)#k[r])// and the coradical of the latter is 
((r(y)#k[r])//)o = k[r] [26, Lem. 5.5.1], so (r(y)#k[r])/7 is pointed. 

• We consider the Hopf algebra map 

T(\/)#k[r] ^ gr((T(l^)#k[r])//) 

which maps Xi onto the residue class of Xi in the homogeneous component of degree 1, 
namely ((T(K)#k[r])//)i/k[r]. It is surjective, since (T(l^)#k[r])// is generated as an 
algebra by xi, X2 and F. Further it factorizes to 

©(y)#k[r]^gr((r(i-)#k[r])//). 

This is a direct argument looking at the coradical filtration as in [3, Cor. 5.3]: all equations 
of / are of the form [w] - c^, [u]^^ - du with c^,4 e k[r] = ((T(F)#k[r])/7)o, hence 
[w] — 0, [m]^" = in gr((T(\^)#k[r])//). The latter surjective Hopf algebra map must be 
an isomorphism because the dimensions coincide. 

• The other way round, let A he a, lifting of 03 (V) with G P^' as in the beginning of 
this chapter. We consider the Hopf algebra map 

r(y)#k[r] ^ a 

which takes Xi to and g to g. It is surjective since A is generated by ai, a2 and F [3, 
Lem. 2.2]. We have to check whether this map factorizes to 

(T(i-)#k[r])//^A 
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Then we are done since the dimension imphes that this is an isomorphism. 

But this means we have to check that the relations of / hold in A: By Lemma 5.6 the 
relations concerning the elements [010102] and [010202] are of the right form. We are 
left to check those for [0102]^^^, which appear in (1) and (4): 

2 

In (la) we have [0102]^ — 'ijiiq2ia\ G P^i^ like before. Now since q\^2 = 9i2 7^ ~1 = 9ii 

or 9i2,2 = 9i2 7^ ?i2, and g^ i2 = <li2 Q12 or g^2,2 = 9i2 7^ "1 = ^22 (otherwise we get 
the contradiction qi2 = 1 and = have [0102]^ = 4/xig2ia2 + l^i^i^ — du) by 

Lemma 5.2(2). (lb),(lc) work in the same way; see [10, 5]. For (4): As shown before 

N 

[0102]^ e P^n'^- Again we deduce from Lemma 5.2(2) that [0102]^ = A*i2(l — du)- □ 

9l2 

Remark 5.10. The Conjecture 5.4 is true in the situation of Theorem 5.9: the of 
the non-redundant relations [w] — are (rii2 = ^122 = if the Serre relations are not 
redundant) and S12 G k[r] in (1), otherwise s„ = if [n]^" — d„ is not redundant. 

5.4 Lifting of ^{V) with Cartan matrix B2 

In this section wc lift some of the Nichols algebras of standard type with associated Cartan 
matrix "2^) of type B2 (in the next Section also of non-standard type B2). At first 
we recall the Nichols algebras (see [17]), but again we give the ideals without redundant 
relations [23]: 

Proposition 5.11 (Nichols algebras with Cartan matrix B2) . The following finite- dimensional 
Nichols algebras ^{V) of standard type with braiding matrix (qij) and Cartan matrix of 
type B2 are represented as follows: 

(1) Q '^"^ Q (Cartan type B2). Let g'i2?2i = (hi = 0.2-2 "'^^ ^ ord^n. 
{a)IfN = 3, then 

^{V) - T{V)/{[xiX2X2], Xl, [xiXiX2f, [xiX2f, xl) 

with basis \^X2^[xiX2Y^^[xiXiX2Y^^^Xi^ \ < ri, ri2, rii2, r2 < 3} one? dim^ OS (y) = 
3^ = 81. 

(b) IfN^A, then 

^{V) = T{V)/{[xiXiXiX2], x\, [a;ia;ia;2]^, [a;ia;2]^, X2) 

with basis \^X2^[xiX2Y'^^[xiXiX2Y'^'^^x''i \ < ri,ri2 < 4, < r2,rii2 < 2} and 
dimkQ3(V) = 22.42 = 64. 

(c) If N > 5 is odd, then 

^{V) ^T{V)/{[xiXiXiX2], [X1X2X2], xf, [^1X1X2]^, [xiX2]^, X2) 

with basis {x2^[xiX2]''^^[xiXiX2]''"^Xi^ | < ri, ri2, rii2, r2 < and dimf^^{V) — 

(d) If N > 6 is even, then 

^{V) =T{V)/{[XiXiXiX2], [X1X2X2], xf, [XiXiX2]^, [XiX2]^, xj) 

with basis |x2^[xiX2]^^^[xiXiX2]^"^Xi^ | < ri,ri2 < N, < r2,ru2 < and 
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(2) Q ^ ' g Q ^- -^e^ 512521 = ^11^ ^22 = -1 and N ■= ordqn. 

(a) IfN = 3, then 

<B{V) = T{V)/{[xiXiX2XiX2], xl, [xlX2]^ xl) 

with basis {xl^[xiX2Y^^[xiXiX2Y^^^xl^ \ < n < 3, < ri2 < 6, < r2,ru2 < 2 } 
and dimkQS(\/) = 72. 

(b) //TV > 5 ('TV = 4 (lb);, then for N' := ord(-giY) 

^{V)^T{V)/{[x^XiXiX2], xf, [X1X2]^', x^) 

m^/i basis {xl''[xiX2Y'''[xiXiX2Y^^^x[^ \ <ri< N, <ri2 < N', < r2,ru2 < 2} 

(3) ^ ^ C-^g^ g: Let ordgn = 3, 512521 = g2"2' ant? iV := ord522. 

(a) IfN = 2, then 

^{V) ^T{V)/{[xiXiX2XiX2], xl, [a;ia;ia;2]^, xl) 

with basis {xl^[xiX2Y^^[xiXiX2Y^^^xl' | < ri,ri2 < 3, < r2 < 2, < rii2 < 6} 
and dimk ^{V) = 108. 

(b) IfN>A (TV = 3 is (1) or Proposition 5.7(1) ), then for N' := ord5ii5^2^ 

^{V)=T{V)/{[xiX2X2], xl [x,XiX2f \ X^) 

with basis {a;2^[xia;2]''^^[a;ia;ia;2]''"^a;i^ I < n, ri2 < 3, < r2 < TV, < rii2 < TV'} 
and dimkQS(\/) = 9A^A^'. 

(4) o ^q '"'^"' q^- Let ord5ii = 3, 512521 = -?ii; ?22 = -1; then 

^{V) = T{V)/ {[X1X1X2X1X2], 

with basis {a;2^[a;iX2]''^^[a;iXiX2]''"^a;i^ | < ri,ri2 < 3, < r2,rii2 < 2} and 
dimik A = 36. 

Remark 5.12. The Nichols algebras of Proposition 5.11 all have the PBW basis [L] = 
{x2, [a:ia;2], [a;ia;ia;2], Xi}, and (l)-(4) form the standard Weyl equivalence classes of row 4-7 
in [15, 18, Figure 1], where the rows 5-7 are not of Cartan type. They build up the tree 
type Ta of [17]. 

Theorem 5.13 (Liftings of ^(V) with Cartan matrix B2). For any lifting A of^{V) as 
in Proposition 5.11, we have 

A^{T{V)4W])/I, 

where I is specified as follows: 

(1) 3 Q (Cartan type B2). Let 512521 = 51!^ = (I22 ■ 
(a) If oidqii = 4 and 512 7^ ±1, then I is generated by 

[xia;ia;ia;2], x^ - iJ,i{l - g^) , 

[X1X1X2Y, 

[X1X2Y - 1^12(1- gt2), 

^2- 
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(b) //ordgii = 4 and qi2 — ±1, then I is generated by 

[xiXiXiXa], xj- g^), 

[xiXiXs]^ - Sqiifiixj - /iii2(l - fi-m), 

[X1X2Y - IQjiixl + iniuQuxl - /Xi2(l - g^), 
^2-/^2(1-^2)- 

/n &o^/i (a) and (b) dimii5 74 = • |r| = 128 • |r| and a basis is 

{x2'[xiX2Y'^[xiXiX2y^x['g I < ri,ri2 < 4, < r2,rii2 < 2, ^ G T] 

(a) //ordgii = 3 and 512 7^ ±1, i/ien / is generated by 

[X1X1X2X1X2], - - gl), 

[x 1X2]^ - 1^12(1- g^), 

X2- 

(b) //ordgii = 3 and qi2 = —I, then I is generated by 

[X1X1X2X1X2], xl, 

[x 1X2]^ - 1^12(1- g 12), 
xl- 1^2(1 - gl)- 

(c) //ordgii = 3 and Q12 = 1, then I is generated by 

[X1X1X2X1X2] + 3/ii(l - qu)xl - Aii2i2(l - 5'ii2i2), 
xl-iii{l-gf), 

[XiX2f - S12 - l^uil - ^12), 

2^2-/^2(1-52), 

S12 := -3//2|(Aii2i2(l - gii) + QlJ'ilJ'2qii)[xiX2]^xigl 

- gil(All212(l - qn) + QlJ'l(J^2qil)[XlX2][XiXiX2]g2 
+ (^11212911 + 3/il/i2All212(l - gil) - Qf4lA)9l92 

+ 3/ii/i2(Aii2i2(l - qn) - 3/ii/i2)fi'ifi'2 

+ Aii212(3/il/i2(gil - 1) + All212)5'l«/2 

- 9/Xi/i252 

+ 3/Xi/X2(Aii2i2(gii - 1) - 9iiiii2qii)gt 

+ ?ii(^ii2i2 - 6/ii/X2Aii2i2(l - gii) - 27iili4qn)g2y 

In (a),(b),(c) dimjjyl = 72 • |r|. and a basis is 

{xl'[xiX2Y''[xiXiX2Y'''xl'g I < n < 3, < ri2 < 6, < r2,rn2 < 2, g 
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(d) Let N := ordgn > A (N ^ A is {!)), and 7^ ±1. Denote 

{2N, ifN odd, 
N/2, ifN even and N/2 odd, 
N, if N, N/2 even. 

Then I is generated by 

- - 5ff ), 
[xiX2]^' - nuil-gu), 

It is dinik A — ANN' • |r| and a basis is 
{xl'[x,X2Y''[x,x,X2Y'''xYg I < n < TV, < ri2 < TV', < r2,rn2 <2, geV}. 

(3) o ^-''^%"Let ordgn = 3, >7i292i - q^l 

(a) // q22 — —1 and qu ^ ±1; then I is generated by 

[X1X1X2X1X2], xl- iJ,i{l - gf), 

[xiXiX2f - Hiuil - 5-112) 
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(b) Ifq22 — —1 cind qi2 — 1, then I is generated by 

[xiXiX2a:ia;2], xf, 

[xiXiX2f - //ii2(l - 5-112) 
-^2(1 -52)- 

(c) //g22 = —1 and qu = —1, then I is generated by 

[a;ia;ia;2a;iX2] + A^2x\gl - Aii2i2(l - glol)-, 
xl-^^l{l-gl), 
[a;ia;ia;2]^ - S112 - /iii2(l - 5112) 
2^2-/^2(1-5!), 

where 

S112 := -2Aii|2(-Aii2i2 + 4/Xi/X2)gii(l - gii)a;2[a;ia;ia;2]^5i52 

+ 2(A 11212 — 4/ii)U2)gii(l - gii) [2^1X2]^ [a;ia;ia;2]^5?52 

+ 2(Aii2i2 - 8/Xi/i2Aii2i2 + lQ^l\^^l)qll{l - gii)[a:iX2][a;ia;iX2]5i52 

+ 8/ii/i2(Aii2i2 - 4/ii;U2)gii(l - gii)[a:ia;2][a;ixia;2]5i52 

+ 2Aii2i2(-Aii2i2 + 4/ii/i2)gii(l - gii)kia;2][a;ia;ia;2]5i52 

+ 2(-A-^i2i2 + 6/ii/i2An2i2 - 16/ii/i2Aii2i2 + 16/i?/7|)5|^5^ 

+ (-Ai^i2i2 + 12/ii/U2Aii2i2 - 48;U^;U^Aii2i2 + 64/i^/x^)gii(l - qii)glgl 

+ 10/ii/X2(-Aii212 + 8/il;U2Aii212 ^ 16;Ui/i2)5i52 
+ 2(Aii212 ~ 7^l/^2Aii212 

+ 8^?/i^Aii2i2 + lQ|x\^ll)glgt 
+ 16;[ii^2(Aii2i2 - 4/ii/i2)gii(l - qii)glgl 

+ 8/Xi;U2Aii212(-All212 + 4AiiAi2)gil(l " ?ll)5l52 



+ ^11212(^11212 - 4/ii/x2)gii(l - qii)glgl 

+ 32/X^/X2(-Aii212 + /il/^2)fl'2 

+ 4/Xi/X2(3Aii2i2 - 8/ii/i2All212 + ^lAlA)92\ 

In (a),(b),(c) dinikA = 108 • |r| and a basis is 

{a;2'[a;ia;2]'^"[a;ia;ia;2]'""a;i^5 | < ri,ri2 < 3, < rs < 2, < rii2 < 6, geV). 

(4) Q Let ordgii = 3, ^12^21 = -^ii of order 6, ^22 = -1- 

(a) //gi2 7^ ±1, then I is generated by 

[X1X1X2X1X2], xl- - gl), 



(b) //gi2 = 1, then I is generated by 



[X1X1X2X1X2], xl, 

xj- 1^2(1- gl)- 

(c) //gi2 = —1, then I is generated by 

[X1X1X2X1X2] - /i2(l + qii)xlgl - Aii2i2(l - 511212), 
xl- 1^1(1 -gf), 
xl - H2{1- gl). 

In (a),(b),(c) dimic^l = 36 • |r| and a basis is 

{x''^[xiX2Y'^'^[xiXiX2Y'^^'^x\^g I < ri,ri2 < 3, < r2,rii2 < 2, g e V}. 

Proof. We proceed as in the proof of Theorem 5.9. 

• (T'(y)#k[r])// is a Hopf algebra, since / is generated by skew- primitive elements: Again 
the elements x^^ — — gf^) and [X1X1X1X2] — Aiii2(l —51112) are skew- primitive if 512521 = 
0.11 t'y Lemma 4.2. 

(la) By Lemma 4.3(1) [a;ia;2]^ G P^h and hence also [xiX2]^ - Hi2{l - 512) e P^K A 

direct computation yields [xia;ia;2]^ G P'^"^. 

(lb) Again direct computation shows that [a;iXia;2]^ — Squjiix^ — /iii2(l — ^112) and 
[xiX2]'^ — lQiJiiX2 + 4:fiii2qnxl — /Xi2(l — 512) are skew primitive; we used the computer 
algebra system FELIX [9] . 

(2a) We have [a;ia;ia;2a;ia;2] G Po.\ifn^ by Lemma 4.4(2). Further [a;ia;2]® G P^^ by 

yil212 9x2 

Lemma 4.3(1). 

(2b) Again [X1X1X2X1X2] G P^ii2i2 Lemma 4.4(2) and a direct computation yields 

M« - Ml - 5^ e 

(2c) Using FELIX we get that all elements are skew-primitive. 
(2d) This is again Lemma 4.3(1). 

(3a) and (3b): [a;iXia;2iCi,T2] G -^^11212^ ^-^^ Lemma 4.4(1). Straightforward calculation 
shows that bia;iX2]^ — A*ii2(l — 5112) ^ P^"^; here again we used FELIX. 

24 



(3c) is computed using FELIX. 

(4a) and (4b): G P^^^^^^ by Lemma 4.4(1). 

(4c) Looking at the coproduct computed in Lemma 4.4(1) we deduce that the element 
[xia;ia;2XiX2] - Ai2(l + qii)x\gl and hence [xiXiX2XiX2\ - //2(1 + QiijAol - ^11212(1 - 5'ii2i2) 
is skew-primitive. 

• The statement on the basis and dimension of {T{V)jfk\r]) / 1 is proven in [23]. 

• (T(y)#Ik[r])/7 is pointed by the same argument as in the proof of Theorem 5.9. 

• The surjective Hopf algebra map as given in the proof of Theorem 5.9 

T(\/)#k[r]^gr((T(\/)#k[r])//) 

factorizes to an isomorphism Q3(V)7^k[r] — )■ gr((T(y)7^k[r])//) : Again we look at the 
coradical filtration. All equations of / are of the form [w] — Cw, [m]^" — du with rcsp. 
of lower degree in gr((T(y)#k[r])//), hence [w] = 0, [m]^" = in gr((T(V)#k[r])//). 

• Like before, for a hfting A we have to check whether the surjective Hopf algebra map 

r(i^)#k[r] ^ A 

which takes Xi to Oj and g to g factorizes to 

(T(i-)#k[r])// ^ A. 

By Lemma 5.6 the relations concerning the elements a^^ and [01010102] are of the 
right form. We deduce from Lemma 5.2 that the relations also hold in A: this is just 
combinatorics on the braiding matrices which we want to demonstrate for the following. 

2 

(la) We have X112 7^ ^ by Lemma 5.2(2a), since ^1112 = qfo 7^ 1- Further P\^'^^ = 
by Lemma 5.2(2b): Suppose g2i5'22 = ^21, Q'i2Q'22 = 9i2i then gf^^ = = which 
contradicts 512^21 = = -1; also if 511^12 = ^12, ^n^li = ^21, then ^12 = ^21 = 1, again a 
contradiction to 5i2?2i = Qn — —1- Hence [010102]^ = 0. The other cases work in exactly 
the same manner. □ 

Remark 5.14. The Conjecture 5.4 is true in the above cases. Further note that in (2c) 
S12 ^ k[r] and in (3c) S112 ^ k[r]. 

Further we want to note the cases not treated in the theorem above: 

1. The case (1) when 5 N :— ordgn > 3 is odd is treated in [10], and the case N — 5 
in [11]. 

2. There is no general method for (1) in the case := ordgn > 6 is even. Here 
ordg22 = ordg^i = 

3. There is no general method for (2d) in the case qi2 = ±1- 

4. There is no general method for (3) in the case A^ := ordg22 > 4. The case A^ = 3 is 
(1) of the theorem above or (1) of Theorem 5.9. 

5.5 Lifting of ^(V) of non-standard type 

In this section we want to lift some of the Nichols algebras of the Weyl equivalence classes 
of rows 8 and 9 of [15, 18, Figure 1] which are not of standard type, namely for ord^ = 12 
we lift 
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O O' o o' o o' o o' o o 

of row 8, and 

^3 -1 -C-'_^3 -1 

O O' o o 

of row 9. Again, at first we give a nice presentation of the ideal cancelling the redundant 
relations of the ideals given in [17]: 

Proposition 5.15 (Nichols algebras of rows 8 and 9). The following finite- dimensional 
Nichols algebras 'i8(y) with braiding matrix {qij) of rows 8 and 9 of [15, 18, Figure 1] are 
represented as follows: Let ^ e k^, ord^ = 12. 

(1) "o'-^^'o- Let qu = -C-^ qi2q2i = -C, ?22 = -C, then 

<B(y) = T{V)/{[xiXiX2X2\ - ^gii?i2(?i2g2i - - qi2q2i)[xiX2\'^ , xl, xf) 

with basis [x2^[xiX2X2Y^'^'^[xiX2Y''-^[xiXiX2Y'^'^^x[^ I < ri,r2 < 3, < rii2,ri22 < 
2, < ri2 < 4} and dimkQ3(V) = 144. 

(2) "^c2^' ~0 O- = ^12^21 = -C, ^22 = -I, or qn = -^^ 
qi2q2i = C~S 522 = -1, then 

^(y) ^ T{V)/([xiXiX2XiX2XiX2], xl, xl) 

with basis \^xl^[xiX2Y^^[xiXiX2XiX2Y^'^'^'^'^[xiXiX2Y^^^x'[^ I < ri,rii2 < 3, < r2,rii2i2 < 

2, < ri2 < 4} and dinik <B(y) = 144. 

(3) ~ o' ^ ~ o'~^"' Let gii = -C^, gi2g2i = C; = -1, or qu = -C^ gi2g2i = 
-C~S ?22 = -1, ^/ien 

QS(y) = r(y)/([xixiX2XiX2], ^t, x^) 

wi/i 6aszs |a;2^[a;ia;2]^^^[a:ia;ia;2]^"^[.Xi,Xi,Xi,X2]''"^^a;^^ | < ri < 4, < ri2,ru2 < 

3, < r2,riii2 < 2} and dimt^{V) = 144. 

(4) 'o Q- gii = -C; ?i2g2i = C^ ?22 = -1; ^/lera 

Q5(V^) = r(l^)/([a;ia;ia;2a;ia;2a;ia;2], xf, [xiXiY^, xf) 

with basis {x2^[xiX2Y^^[xiXiX2XiX2Y^^'^^'^[xiXiX2Y''^^xY I < ri,ru2 < 3, < r2,rii2i2 < 

2, < ri2 < 12} and dimj, <B(y) = 432. 

(5) ""o -^et qii = -C"S 512521 = -C^ 522 = -1, ^/^en 

^(V) = T{V)/ [[X1X1X1X1X2], [xiXia;2XiX2], x\^, xl) 

with basis {^2^ [a:ia;2]'"" [a;ia;iX2]''"^ [xiXiXia:2]''"^^a;i^ | < ri < 12, < ri2,rii2 < 

3, < r2,riii2 < 2} and dimt^{V) = 432. 
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Reiricirk 5.16. The Nichols algebras of Proposition 5.15 have different PBW bases, also 
if they are in the same Weyl equivalence class. They build up the tree types T4, and T7 
of [17]. 

Theorem 5.17 (Liftings of ^{V) of rows 8 and 9). For any lifting A of ^{V) as in 
Proposition 5.15, we have 

A ^ (r(y)#k[r])/7, 

where I is specified as follows: Let C e k^, ord^ = 12. 

(1) -g Let qn = quq2i = -C^ Q22 = -C- 

(a) //5i2 7^ 1, then I is generated by 

[2:1X1X2X2] - ^giigi2(gi292i - - 912521) [2^1X2]^, 
xl-i^i{l-gl), 

(b) If — 1; then I is generated by 

[X1X1X2X2] - ^giigi2(gi292i - gii)(i - qi2q2i)[xiX2]'^ , 
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xl- 112(1 -gl). 

In (a),(b) dinik/l = 144 • |r| and a basis is 

{x^^[xiX2X2]''^^1xiX2]"i^[xiXiX2]""^x;^^ | < ri,r2 < 3, 

< rii2, ri22 < 2, < ri2 < 4, e r}. 

(2) "^o"^" Q, o- Let qn = -C^ 912521 = -C, 522 = -1, or qn = -('^ 

512521 = 522 = -1- 

(a) If qi2 7^ ±1; then I is generated by 

[X1X1X2X1X2X1X2], Xi - Aii(l - gf), 



(b) If qi2 — ±1; then I is generated by 

[X1X1X2X1X2X1X2] + /i25l2(5ll5l2521 + 512521 - l)[XiXiX2]x^5(2, 

3^2-/^2(1-^2)- 

In (a),(b) dimk74 = 144 • |r| and a basis is 

{x2^[xiX2]''^^[xiXiX2XiX2]'^'"^^^[xiXiX2]'^'"^Xi^5' | < ri,rii2 < 3, 

< r2, rii2i2 < 2, < ri2 < 4, 5 e r}. 
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(3) ^ J ; q'"*^ ' Q - Let qn = -C^ ^12^21 = C; Q22 = -1, or qu = -C^ 512^21 
-C-\ q22 = -1 . 

(a) If qi2 7^ ±1; ^/ien / Z5 generated by 



(b) If qi2 — ±1; ^/ien / is generated by 



X2- 



a;ia;ia;2XiX2] - Id2qi2{qn + '^QuqIi - Qi2q2i)xlgl, 

2 ,. /I „2^, 



X2 - fj-iil -g^)- 

In (a),(b) dinik A = 144 • |r| and a basis is 

{^x'^2[^l^2\^^^[xiXiX2\^'^'^'^[xiXiXiX2\'^^^'^x'^ig \ < Ti < 4, 

< ri2, rii2 < 3, < r2, riii2 <2, g e T}. 

(4) = '^12^21 = C^ 922 = -1. 

(a) If qi2 7^ ±1, t/ien / is generated by 

[xia:ia;2Xia:2XiX2], x^ - - 

[xiX2]^^ - 1^12(1- gli), 

X2- 

It is dimk A — 432 • |r| anc? a basis is 

{^X2[xiX2Y^'^[xiXiX2XiX2Y^^^^^[xiXiX2Y^^''^x\^g \ < ri,rii2 < 3, 

< r2,rn2i2 < 2, < ri2 < 12, y e r} 

(b) (incomplete) qu — ±1, then I is generated by 

[a;ia;ia;2a;ia;2XiX2] + 9122/^2(912921 + l)[xiXiX2]xlgl, 

[a;ia;2]^^ - cii2, 

xl- 1^2(1 - gl)- 

(5) 'S;'-^' ~ ■ Let qn = -C 912921 = 922 = -1- 

(a) //gi2 7^ ±1; i^/ien / is generated by 

[X1X1X1X1X2], xl^ - gl"^), 

[X1X1X2X1X2], 

(b) If qi2 — ±1, ^/ien / is generated by: 

[a;ia;ia;ia;iX2], xl^ — fii{l — gl'^), 

[a;ia;ia;2a;ia;2] + 2ii2qi2x\gl, xj - 112(1 - gl). 
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In (a),(b) dimk74 = 432 • |r| and a basis is 

\^X2^[xiX2Y^'^[xiXiX2Y^^'^[xiXiXiX2Y^^^'^xl^ g I < ri < 12, 

< ri2, rii2 < 3, < r2, riii2 <2, g eV}. 

Proof. We argue exactly as in the proofs of Theorem 5.9 and 5.13. 

• (T(y)#lk[r])/7 is a Hopf algebra, since I is generated by skew-primitive elements: The 
elements xf^ — Hiil—g^^) and [a;ia;ia;iXiX2] — Aiiii2(l — 5'iiii2) are skew-primitive if gi2?2i = 
0.11 by Lemma 4.2. For the elements [a;ia;ia;2a;ia;2] — C11212 and [a; 1 a: 12:2 a; 12:2 a; 12:2] — C1121212 
we use Lemma 4.4 and for [a;ia;2]^^^ — di2 Lemma 4.3(1). Further in (1) [a;ia;ia;2a;2] — 
1511512(512^21 — 5ii)(l — 512521) [2;ia;2]^ is skew- primitive by a straightforward calculation. 

• The statement on the basis and dimension of (T'(y)#k[r])/7 is proven in [23]. 

• (r(l/)#k[r])/J is pointed and gr((T(\/)#k[r])/7) ^ ?B(y)#k[r] by the same arguments 
as in the proofs of Theorems 5.9 and 5.13. 

• Also in the same way, the surjective Hopf algebra map T(y)^k[r] A factorizes to an 
isomorphism 

(T(y)#k[r])// ^ A 

by Lemma 5.6 and 5.2, doing the combinatorics on the braiding matrices. □ 

Remark 5.18. The Conjecture 5.4 is true in the above cases. Further note that in (1) 
rii22 i k[r] (as well as rn22 ^ in 03 (V)), in (2b) rii2i2i2 i k[r], in (3b) rii2i2 ^ k[r], in 
(4b) rii2i2i2 i k[r] and in (5b) rii2i2 ^ k[r]. 
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